The onset of thermal convection in an enclosed rotating cylinder is greatly influenced by the interaction between the Coriolis force and the cylinder sidewall. For temperature differences between the hot bottom and the cool top that are too small to sustain convection throughout the entire cylinder, convection sets in as pairs of wall-bounded hot thermal plumes ascend and cold thermal plumes descend in the sidewall boundary layer, the so-called wall modes of rotating convection. Over an extensive range of parameter space, several wall modes with different numbers of thermal pairs coexist stably, and this multiplicity of states leads to very rich nonlinear dynamics as the temperature difference is increased to a level supporting thermal convection throughout the bulk of the cylinder. The bulk convection takes on characteristics of Küppers-Lortz spatio-temporal chaos, but its interaction with the persistent wall modes also leads to further flow complications which are explored here via numerical simulations.
I. INTRODUCTION
Onset of bulk convection in rotating cylinders in the limit of zero centrifugal force has been of great interest due to the presence of spatio-temporal chaos right at the onset of convection. 1 In unbounded rotating convection, the Küppers-Lortz (KL) instability 2 is a primary source of spatio-temporal chaos. It is an instability of a parallel roll state to rolls oriented at another angle, which in turn are unstable to rolls oriented at yet another angle, and so on, leading to interesting time-dependent behavior. States with these characteristics have been observed in experiments in finite cylinders. [3] [4] [5] [6] [7] [8] [9] [10] In spite of this, there are many open questions associated with the onset of bulk rotating convection. To begin with, since the KL-like instabilities have thus far only been studied theoretically in the absence of lateral boundaries, one can only surmise how their behavior will change in finite containers. 11 The expectation has been that in containers of sufficiently large radius-to-height aspect ratios, KLlike dynamics will persist. Recently however, bulk convective states with locally square planforms have been observed experimentally and computed numerically very close to onset. 12, 13 These states do not appear to have any relationship with the predictions from the unbounded theory 14, 15 and their origin remains poorly understood. Confined rotating convection introduces new phenomena which have no counter-part in unbounded rotating convection, such as the wall modes which result from the interaction between the Coriolis force and the cylinder sidewall. 5, [16] [17] [18] [19] The presence of wall modes leads to a large multiplicity of co-existing stable states via the Eckhaus-Benjamin-Feir (EBF) instability, [20] [21] [22] and the onset of bulk convection when the Coriolis force is sufficiently large is influenced by the EBF instability of the wall modes.
The experimental investigation of the EBF instability of the wall modes was facilitated by the fact that the wall mode wavenumbers m vary with the system rotation rate, and by preparing a wall mode with a certain m at a rotation rate higher or lower than that desired and then changing the rotation to the desired rate provided a mechanism to produce wall modes with a range of m at the same parameter values. The experiments also used the influence of the bulk convective mode on the wall modes. The length scale of the bulk convection varies with Rayleigh number Ra and so one can induce wall modes with different azimuthal wavenumbers m by driving the system into the bulk convection regime at some high Ra value and then quickly reducing to a desired lower Ra to obtain a pure wall mode with m influenced by the bulk convection length scale.
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The influence of rotation rate, and the high Ra excursions into the bulk convection regime, on the selection of the wall mode wavenumber has been used very effectively experimentally. However, how the azimuthal wavenumber m of the wall mode influences the transition to bulk convection when increasing Ra has not been investigated systematically. The nature of this transition is not well understood presently. The phenomenological description from experiments characterizes the transition as a continuous process to aperiodic time-dependent convection as Ra is increased, signaled by a marked increase in the slope of the linear relationship between the heat transport (i.e. the Nusselt number Nu) and the Rayleigh number.
5, 23 The current view is that since there is no appreciable amplitude of the wall mode in the central portion of the cylinder, the bulk convection can grow from small amplitude despite being a secondary transition. Experimentally, it is observed that the bulk convection and wall modes are spatially separated and only interact weakly. This view is further justified since the onset of bulk convection occurs at Rayleigh numbers very close to the critical Rayleigh numbers determined by linear stability analysis in an unbounded layer over a wide range of rotation rates, 24 and the critical length scale also agrees. 25, 26 Nevertheless, near onset of bulk convection, it has been experimentally observed that the boundary forcing from the wall mode has a significant effect on the KL switching frequency of the bulk convection.
There are other interesting aspects of the transition that have been observed experimentally. For example, for a range of Ra near the onset of bulk convection, the flow pattern consists of axisymmetric rings in the middle region, surrounded by a wall mode pattern near the cylinder wall.
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The main goal of this paper is to analyze the influence of the wall modes in the transition to bulk convection. In order to do this, we have computed fifteen different wall modes at Prandtl number σ = 7.0 in a cylinder of aspect ratio γ = 4 rotating with Coriolis number Ω = 625 at Rayleigh number Ra = 9.0 × 10
4 . In such a system, bulk convection sets in at about Ra = 9.6 × 10 4 . These wall modes have azimuthal wave numbers m ∈ [10, 33] , and their Eckhaus-Benjamin-Feir instabilities at lower Ra were previously investigated. 22 Here, we have used these wall mode states at Ra = 9.0 × 10 4 as initial conditions at Ra = 10 5 and have evolved the initial value problem out to at least 30 thermal time units, by which time the bulk convective states are established. The flow near the sidewall maintains the fast precessing wall mode structure essentially unaffected by the convective motions in the interior, but the form of the interior bulk convection is greatly influenced by the wall mode. For wall modes with smaller azimuthal wavenumber m, cellular structures with four-fold symmetry persist for long times. These are very much like the square patterns that have been observed experimentally 12 and numerically computed. 13 For larger m, the bulk convection consists of roll-like structures with KL dynamics.
II. GOVERNING EQUATIONS AND NUMERICAL SCHEME
We consider the flow in a circular cylinder of radius r 0 and depth d, rotating at a constant rate ω rad/s. The top endwall is maintained at a constant temperature T * = T 0 − 0.5∆T and the bottom endwall at a constant temperature T * = T 0 + 0.5∆T . The Boussinesq approximation is implemented, which treats all fluid properties as constant, except for the density in the gravitational buoyancy term. The centrifugal buoyancy term is not considered here. It has not been considered in most of the theoretical analysis we are comparing with, and most of the experiments are designed to minimize it. To lowest order, the density varies linearly with temperature, i.e.
where T 0 is the mean temperature and ρ 0 is the density at that temperature.
The system is non-dimensionalized using d as the length scale, d
2 /κ as the time scale, where κ is the thermal diffusivity, and ∆T as the temperature scale. There are four nondimensional parameters:
Rayleigh number:
Coriolis number:
where g is the gravitational acceleration, α is the coefficient of volume expansion, and ν is the kinematic viscosity.
The nondimensional cylindrical domain is (r, θ, z)
The non-dimensional governing equations in the rotating frame of reference are:
where u is the velocity field, T = T * − T 0 is the temperature deviation with respect to the mean temperature, p is the dynamic pressure which incorporates the hydrostatic pressure due to the gravitational and centrifugal forces, andẑ the unit vector in the vertical direction z.
The boundary conditions for u and T are:
where (u, v, w) are the components of u in cylindrical coordinates. Regularity conditions on the axis (r = 0) are enforced using appropriate spectral expansions for u and T . The governing equations have been solved using a pseudo-spectral second order time-splitting method, that was used to study the EBF instability of the wall modes. 22 We have used the wall modes that were computed 22 at Ra = 9 × 10 4 , with m ∈ [12, 26] as initial conditions to study the onset of bulk convection as Ra is increased. As in Ref. 22 , we fix γ = 4, σ = 7.0, and Ω = 625, and consider variations in Ra. We have used 24 spectral modes in z, 48 in r, 184 in θ and a time step dt = 2 × 10 −5 thermal time units.
III. BACKGROUND
A numerical study of the onset of thermal convection in a rotating circular cylinder with the same parameter values as in the present work was previously performed 22 for Ra values well below the onset of bulk modes. Here we present a brief summary of those results. The onset of thermal convection is to wall modes which consist of a periodic array of alternating hot and cold thermal plumes confined to a thin boundary layer at the cylinder sidewall, forming an essentially one-dimensional pattern characterized by the number of hot/cold plume pairs, m. These states are born in symmetry-breaking supercritical Hopf bifurcations at the marginal stability curve (solid curve with in Fig. 1 ), but only the rotating wave with m = 18 is born stable; the other rotating waves stabilize in a sequence of secondary Hopf bifurcations, in a process analogous to the sequence of pitchfork bifurcations in a Ginzburg-Landau equation model. 27 The wall mode pattern typically precesses retrograde with respect to the rotation of the cylinder. For temperature differences greater than critical, a number of distinct wall modes, distinguished by m, coexist and are stable. Their dynamics are controlled by an Eckhaus-Benjamin-Feir (EBF) instability. Figure 1 shows the marginal stability curve ( ) for the Hopf bifurcation from the base state to rotating waves with different azimuthal wave numbers m ∈ [8, 36] . The curve has a minimum at m = 18, Ra w ≈ 42 286. Figure 1 also includes the Eckhaus-Benjamin-Feir stability curve (•), where the various wall modes born on the marginal stability curve become stable with increasing Ra following a number of secondary Hopf bifurcations. Of course, although we talk about curves, both the marginal stability curve and the EBF curve are in fact loci of discrete points since the azimuthal wave number m is an integer.
IV. RESULTS
The onset of bulk convection is at approximately Ra b ≈ 9.6 × 10 4 , very close to the linear estimate 24 for the onset of two-dimensional rolls in a horizontally periodic layer between no-slip isothermal plates rotating with Ω = 625, Ra ∞ ≈ 9.2 × 10 4 . Ra b is also very close to the onset of axisymmetric target pattern convection from the conduction state, when the dynamics is restricted to the axisymmetric (m = 0) subspace, 28 Ra axisym ≈ 9.85 × 10 4 . We have computed fifteen different wall modes with azimuthal wave numbers m ∈ [12, 26] at Ra = 9.0 × 10 4 , all well within the EBF curve in Fig. 1 been used as initial conditions at Ra = 10 5 and these initial value problems have been evolved out to at least 30 thermal time units, by which time the bulk convective states are established. Figure 2 shows isotherms at the mid-depth horizontal plane of these fifteen different convective states after 30 thermal time units. In all of them the flow near the sidewall maintains the fast precessing wall mode structure, essentially unaffected by the convective motions in the interior. In particular, the presence of bulk convection does not change the azimuthal wave number m of the wall mode. Between the wall mode and the bulk convection in the center, there is a narrow transitional region. From these isotherms, we see that the form of the interior bulk convection is greatly influenced by the wall mode. For wall modes with small azimuthal wavenumber m, in particular for m = 12 and 14, cellular structures with four-fold symmetry can be observed. For larger m, the bulk convection consists of roll-like aligned structures showing spatial defects and small regions with different cellular structures. All of these states have erratic temporal characteristics. In a couple of cases we have continued the states to lower Ra near onset of the bulk convection from the uniformly precessing wall mode state and have found that the erratic temporal behavior persists all the way to onset at about Ra = 9.6 × 10 4 . These results agree with the reported chaos from the onset, with Küppers-Lortz dynamics, but also show the presence in some cases of squares, that have been observed to be the dominant behavior at smaller rotation rates.
12,13 Figure 3 shows grayscaled isotherms at mid-height and a perspective view of the same solution with three isolevels of temperature and the temperature in a meridional cut r ∈ [−γ, γ], z ∈ [−0.5, 0.5] of a bulk convective state at Ra = 10 5 , γ = 4, σ = 7.0, and Ω = 625, started from a wall mode with m = 18 at Ra = 9.0 × 10 4 . The online version has movies (movies 1 and 2) showing the temporal evolution of these still-shots over a few precession periods of the wall mode component of the flow at a slow enough frame-rate for the precession to be smooth in the movie, and so the slow bulk dynamics are bearly apparent. Figure 4 shows the variation of the Nusselt number with the Rayleigh number for the fifteen solutions ana- lyzed. The dependence is linear both for the pure wall modes and also for the bulk convective states, but there is a sharp increase in the the slope at the onset of the bulk convection. Nu is time-independent for the wall modes (they are rotating waves), but it is time-dependent (in fact chaotic) for the bulk convection states; time averages over several thermal time units are plotted in the figure. This is in very good agreement with the experiments, 21 who also report a linear dependence Nu(Ra) for both states. The slopes in Fig. 4 have been measured as dNu/dǫ, where ǫ = Ra/Ra w − 1 is the relative variation of Ra from the onset of wall mode convection, for comparison purposes. The average slope for the wall modes, averaged over the 15 cases considered (m ∈ [12, 26] ) is (dNu/dǫ) w = 0.269 ± 0.004. We have also computed the slope for bulk convection, (dNu/dǫ) b = 0.975. Figure 5 shows this value and the experimentally measured slopes 21 (dNu/dǫ) b at lower rotation rates, for σ = 6.7 and γ = 5. The figure shows a linear variation of (dNu/dǫ) b with Ω, and only a weak dependence on the aspect ratio γ. 21 Next, we describe in detail the transition from wall modes to bulk convection, and the characteristics of the flow when the bulk convection is well established, for selected m values. Figure 6 shows the time evolution of the Nusselt number for the m = 12 case, for t ∈ [20, 50] Figure 8 shows the time evolution of the Nusselt number for the m = 13 case, for t ∈ [0, 30]. There is a long transient of about 15 thermal times for the evolution from the pure wall mode (t = 0) to sustained bulk convection. Figure 9 shows snapshots of this flow every 5 thermal time units. The first two pictures show the development of the flow in the bulk. The wall mode induces spiral perturbations that penetrate into the bulk (up to t = 5). The time series of the Nusselt number (Fig. 8) shows a regular large amplitude modulation associated with this phase. Along the spiral rolls circular convective cells develop, and the spirals start to break down, resulting in a large number of convection cells organized in concentric circles (t = 10) resembling a Rosetta window. In the middle of the cylinder, a target pattern appears, formed by concentric circular rolls. This transient axisymmetric pattern has been observed in experiments.
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This initial transitional stage is followed by a time interval, for t ∈ [15, 24] (compare figures 7 and 9) bear strong similarities during this phase. However, for subsequent times (t > 25), the square pattern is replaced by Küppers-Lortz type dynamics: the convection cells organize in straight parallel rolls unstable to rolls oriented to another angle, and the pattern shows patches of straight parallel rolls that change orientation in time, with rolls in different patches having different orientations, as clearly illustrated in the snapshot at t = 30 in Fig. 9 . This KL chaotic dynamics persist indefinitely, and its signature in the Nusselt number time series takes the form of chaotic oscillations (see Fig. 8 for t > 25). Figure 8 also shows the time evolution of the Nusselt number for the m = 17 case, for t ∈ [0, 30], and Fig. 10 shows snapshots of this flow at different times. In this case we can distinguish four different stages. First of all, for t ∈ [0, 3) we observe the transitional stage from wall modes to bulk convection, which is shorter than in the previous example, and instead of developing axisymmetric target patterns near the center of the cylinders, there is a symmetric circular region with azimuthal wave number 3 (see the snapshot at t = 2). For t ∈ [3, 10), the convective cells organize themselves in an hexagonal pattern, with the typical defects in the form of alignments of several cells in straight rolls (snapshots at t = 3 and 5). After this hexagonal stage, a square pattern forms and persists for t ∈ [10, 15) (snapshots at t = 10 and 15). At later times, the chaotic Küppers-Lortz pattern develops, and persist for all the times considered (up to t = 30). Figure 8 also shows the time evolution of the Nusselt number for the m = 23 case, for t ∈ [0, 30]. In this case the transitional stage is very short, and we can not distinguish different stages in the development of bulk chaotic dynamics. This is confirmed by looking at the snapshots of the flow at different times in Fig. 11 nating from the wall boundary layer at t = 1 break down very quickly without forming symmetric structures (see snapshot at t = 2). The resulting disordered straight rolls organize in patches of straight parallel rolls that change orientation in time, the chaotic Küppers-Lortz type dynamics, that persists for t ≥ 3. The corresponding Nusselt number time series (Fig. 8) has the typical aperiodic structure associated with Küppers-Lortz dynamics with propagating defects, that we have also observed in the late time evolution of all cases except for m = 12.
The different dynamics we have observed in the previous examples are typical and are present in most of the fifteen cases examined. There is always an initial transitional stage from wall mode to bulk convection, and a late stage for large enough time characterized by chaotic Küppers-Lortz type patterns, with the exception of the m = 12 case, where the Küppers-Lortz type patterns do not develop, at least in the time span considered (up to 50 viscous times). Between these two stages, different forms of well developed bulk chaotic dynamics may appear, including square and hexagonal patterns. What changes from one case to another is the nature and time span of the different stages. They also differ in the details of the initial transition from wall modes to developed bulk convection, presenting in some cases symmetric patches near the center of the cylinder; we have observed axisymmetric target patterns, and patches with azimuthal wave number 3.
For m ≤ 20 there is always a complex transitional intermediate stage involving patterns with symmetry: squares, hexagonal or axisymmetric. For m > 20 the evolution is from spirals to a KL dynamics, skipping the intermediate stage.
The wall mode structure does not change during the whole evolution, and continues precessing steadily. The precession period is about two orders of magnitude smaller than the time scale of the bulk mode dynamics. Most of the time, there is also a clear spatial separation between the wall mode and bulk dynamics, but defects originating in this annular region propagate into the bulk and influence its dynamics.
V. DISCUSSION AND CONCLUSIONS
The transition from wall mode convection to bulk convection is difficult to characterize, in large part due to the multiplicity of finite amplitude states that are competing. The bulk convective state one observes depends very much on initial conditions. In this paper, we have detailed what happens in a very specific region of parameter space, but these are typical examples rather than peculiar examples. Careful experiments (e.g. see Refs. 1,21,26 and references therein) covering larger regions of parameter space report very similar behavior to that observed in this study. If the computations at Ra = 10 5 are initiated with the trivial conductive state plus very small random perturbations, the flow that evolves corresponds to a bulk convection with Küppers-Lortz dynamics coupled to a uniformly precessing wall mode with azimuthal wavenumber of about m = 20 (the precise value of m is sensitive to the initial small perturbations). On the other hand, if the computation for Ra = 10 5 involves a quasistatic increase in Ra from small values below the onset of the wall modes, then the final state has the m = 18 wall mode as it is the first to bifurcate from the conduction state at the parameter values considered here. Yet, if the initial condition is another one of the wall modes that are Eckhaus-Benjamin-Feir stable, then the state arrived at for Ra = 10 5 retains that wall mode, regardless of whether Ra is impulsively or slowly increased to 10 5 . In this study, we have systematically examined the fate of 15 such initial conditions, corresponding to wall modes with m ∈ [12, 26] at Ra = 9 × 10 4 and analyzed the bulk convective states that result at Ra = 10 5 . The early transients from initial conditions corresponding to wall modes with m ≤ 20 always show a spiral structure penetrating into the bulk from the wall mode, followed by a complex transitional stage involving competition between different kinds of patterns (squares, hexagons, concentric rings) and eventually evolving into a chaotic Küppers-Lortz type dynamics. The case with m = 12 is an exception, where the square pattern persists for a long time (at least 50 viscous times). For m > 20 the evolution is directly from spirals to a Küppers-Lortz dynamics, skipping the intermediate stage. What emerges from these simulations is that we are not dealing with a typical simple bifurcation scenario, but rather with a complex interplay between several bifurcations and many coexisting states.
It is already known from previous studies 22, 27 that inside the Eckhaus-Benjamin-Feir stable region, not only is there a large multiplicity of rotating waves (the pure wall modes), but there are also a larger number of unstable quasiperiodic solutions (mixed wall modes) born at the secondary Hopf bifurcations that stabilize the wall modes. Additional complex solutions also exist, coming from nearby codimension-two and higher bifurcations, resulting from the simultaneous occurrence of some of the aforementioned bifurcations. This large multiplicity of coexisting states is in sharp contrast with the ideal scenario for the onset of Küppers-Lortz dynamics, where straight rolls bifurcate in an infinite horizontal fluid layer, and periodicity is assumed and imposed in both horizontal directions. Although the Küppers-Lortz behavior is dominant in the bulk at large Ω and large containers, the periodic assumption fails to incorporate endwall effects, and in fact the limit of finite containers with aspect ratio going to infinity is a singular limit that does not converge to the periodic case; this situation is similar to the problem in resolving endwall effects and the infinite aspect-ratio limit in Taylor-Couette flow, which has been shown to be a singular limit.
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In this context of complex bifurcational processes for the onset of bulk convection, the presence of other complex patterns such as squares, hexagons and target patterns should not be a surprise. These patterns usually appear only as transient states reflecting the competition between the multiplicity of existing solutions, but for particular parameter values they may become the dominant permanent pattern, as is the case with squares at Ω = 625 for the m = 12 wall mode and for lower Ω values.
